I. INTRODUCTION
Heavy quasimolecules formed in low-energy ion collisions provide a unique opportunity to study quantum electrodynamics (QED) in extremely strong fields. The ground state of the quasimolecule with the total nuclear charge exceeded the critical value Z cr ≈ 173 can dive into the negative-energy Dirac continuum [1] [2] [3] [4] [5] [6] [7] . As was predicted in Refs. [2, 3] , after the diving the ground state becomes a resonance which can decay spontaneously with emission of a positron. The detection of the emitted particles would confirm QED theory in the unexplored supercritical regime. However, the dynamics of the nuclei can also induce pair production. Therefore the detection of the supercritical resonance decay requires distinction of spontaneous and dynamical contributions.
The early experimental investigations of supercritical heavy-ion collisions were performed in GSI (Darmstadt, Germany). But no evidence of the diving phenomenon was found [6] . The next generation of accelerator facilities is expected to drive these investigations to a new level [8] [9] [10] . The experimental study requires the proper theoretical analysis.
The first calculations of pair production in supercritical collisions were based on the quasistationary approach in which only the spontaneous contribution was taken into account [12, 13] . The dynamical pair production in low-energy ion collisions was investigated in Ref. [14] using the perturbation theory.
However, this approach is restricted to the relatively small values of the nuclear charge and cannot be applied to the supercritical case. A rough analytical estimation of pair-production cross section for heavy nuclei was done in Refs. [15] [16] [17] . The dynamical methods employ the solving of the time-dependent Dirac equation (TDDE) which can be performed numerically using various techniques [18] [19] [20] [21] [22] [23] [24] [25] . These methods take into account the dynamical pair-production mechanism as well as the spontaneous one.
As was shown by Frankfurt group (see Refs. [5, 18, 19] and references therein) and recently confirmed in Ref. [22] , no sign of the supercritical resonance decay can be found in the positron spectra of the elastic collisions due to the dominant role of the dynamical pair creation. However, these calculations were performed within the monopole approximation where only the spherically symmetric part of the two-center potential is considered. In Refs. [24, 25] , the total bound-free pair-production probabilities in collisions of bare uranium nuclei were calculated beyond the monopole approximation. In the present work, we have extended these calculations to the free-free pairs and have obtained the positron spectra as well as the total probabilities. The calculations have been performed using a method similar to Ref. [24] . The approach is based on the time evolution of the finite number of initial one-electron states via numerical solving of the TDDE with the full two-center potential. The TDDE is considered in the coordinate frame rotating with the internuclear axis. The time-dependent electron wave functions are expanded in a finite basis set constructed from B-splines using the dual-kinetic balance approach for axially symmetric systems [26] . The pair-creation probabilities are obtained utilizing the expressions known from QED theory with unstable vacuum [5, 27] .
Throughout the paper we assumeh = 1.
II. THEORY A. Pair production
In the present work, we consider the interaction of electrons with the strong external field nonpertubatively but neglect the interelectronic interaction as well as the interaction with the quantized radiation field. The electron dynamics in presence of the external field is governed by the time-dependent Dirac equation:
Here (A, V ) describe the interaction with the external field, (α, β) are the Dirac matrices, m e is the electron mass, e < 0 is the electron charge, and c is the speed of light. Let us introduce two sets of solutions of Eq. (1) with the different asymptotics:
where t in is the initial and t out is the final time moment, and ϕ in i (r) and ϕ out i (r) are the eigenfunctions of corresponding instantaneous Hamiltonians:
In the final expressions, we will assume that t in → −∞ and t out → ∞. The expected number of electrons n k in the state k and the number of positrons n p in the state p are given by [5, 27] :
are the one-electron transition amplitudes which are time-independent due to unitarity of the time evolution. The total number of created pairs P t and the number of bound-free pairs P b can be found as
and
Since for the considered processes P t and P b are much smaller than unity, in what follows we will refer to them as "probabilities". In order to obtain the amplitudes a ij , the right-hand side of Eq. (7) can be evaluated at any time moment t. For t = t out one needs to propagate the final eigenstates ϕ out i (r) backward in time from t out to t in and then project them on the initial eigenstates ϕ in i (r):
The advantage of the backward time evolution is that the calculation of the bound-free probability P b requires propagation of the bound states only. According to Eq. (8), to obtain the total pair-production probability P t one has to propagate all the positive-energy or all the negative-energy states. In general, in order to find all the n k and n p values (see Eqs. (5) and (6)), one needs to evolve the full set of the in-or out-eigenstates. However, in our calculations the Hamiltonian has the time-reversal symme-
) and the in-and out-eigenfunctions are identical (since t in = −t out ). It allows us to obtain the all positron-creation probabilities n p as well as the electron ones n k via propagation of the positive-energy (or negative-energy) eigenstates only.
B. Two-center Dirac equation in rotating frame
We consider a slow symmetric collision of two nuclei. It is assumed that the nuclei move along the classical Rutherford trajectories and they are treated as sources of an external field. The electron dynamics is determined by the time-dependent Dirac equation (1) . Let us consider this equation in the reference frame rotating with the internuclear axis. In this reference frame, the Dirac Hamiltonian has the following form:
where J is the operator of electron total angular momentum, ω(t) is the angular velocity of the internuclear axis, and
Here V TC (r, t) is the two-center potential of the nuclei:
the vectors R A (t) and R B (t) denote the nuclear positions. In the present work, we use the uniformly charged sphere model for the nuclear charge distribution ρ nucl and the nuclear potential is given by
Let us introduce the spherical coordinate system (r, θ, ϕ) with the origin at the center-of-mass of the nuclei and the internuclear axis as z-axis. Since the potential V TC does not depend on the azimuthal angle ϕ, the operator H 0 is axially symmetric. But the rotational term J · ω violates this symmetry.
However, in head-on collisions, ω ≡ 0 and H D (t) = H 0 (t). Moreover, even for collisions with the nonzero impact parameter one can assume that the influence of the rotational term is not significant and approximate H D (t) by H 0 (t). The advantage of this approximation is that there is no coupling between the one-electron states ψ m of different z-projection m of the total angular momentum. The wave function ψ m can be represented as
After substitution of Eq. (15) in the Dirac equation (1) using the approximation
for the function
Here the operator H m (t) is given by
where
and σ x , σ y , σ z are the Pauli matrices. In the case of axially symmetric Hamiltonian, one can propagate the one-electron eigenstates via solving Eq. (16) for each m independently.
C. Basis set
In order to solve Eq. (16), we expand the wave function in a finite basis set:
where C n are the expansion coefficients and the set of N basis functions W n is generated using the dual-kinetic-balance (DKB) technique for axially symmetric systems proposed in Ref. [26] :
Here
{B i (r)} and {B j (θ)} are two sets of N r and N θ linear-independent one-component functions, correspondingly; e u are the unity bispinors; the single index n ≡ n(i, j, u) is composed from the indices i, j, u; and N = 4N r N θ . In our calculation method, for B i (r) andB j (θ) we choose the B-splines defined in a spherical box of a finite radius L. The advantage of such choice is that the overlap and
Hamiltonian matrices are sparse. It is due to the fact that only few neighbor spline overlap. It allows us to significantly facilitate the numerical calculations.
Substituting the expansion (20) into Eq. (16), we get
where S jk and H jk are elements of the overlap and Hamiltonian matrices, correspondingly:
Here the integration is performed numerically over the overlap area of the basis functions. The system (23) is solved using the Crank-Nicolson scheme [28] :
where ∆t is a sufficiently short time step. This system of linear equations is solved for each propagated state at each time step employing the iterative BiCGS (BiConjugate Gradient Squared) algorithm [29] with the preconditioner based on an incomplete LU factorization [30] .
The eigenstates of the instantaneous Hamiltonian H m (t in ) = H m (t out ) are found as the solutions of the generalized eigenvalue problem:
The usage of the DKB technique prevents the appearance of the spurious states in the spectrum of Eq. (27) . The solutions represent the bound states and the both continua. The obtained eigenvectors are propagated in time according to Eq. (26).
D. Spectrum calculation
In Refs. [22, 23] , the spectra of the emitted positrons were calculated using the Stieltjes method:
where ε p are the eigenvalues of the Hamiltonian matrix obtained in a finite basis set (see Eq. (27)) and n p are the probabilities of positron production found according to Eq. (6). These calculations were performed in the monopole approximation. However, in the two-center case, the resulting Hamiltonian matrix has a very nonuniform spectrum with the groups of quasidegenerate eigenvalues. It makes impossible to use the Stieltjes method (28) . Therefore, in the present work, we modify this procedure in the following way:
Here N S is the number of the eigenvalues in the averaging range. If N S = 2 then Eq. (29) 
III. RESULTS
In this section, we present our results for pair-production probabilities calculated beyond the r r-splines were placed with exponentially increasing step from r = R 0 to the border of the box. It was found that this distribution provides better convergence than the pure exponential grid. We used the basis set with the following parameters: N θ = 15, N r = N which for this basis set include 250 bound and 2158 continuum ones, were propagated in order to obtain the one-electron transition amplitudes.
In Table I , we present the obtained results for probabilities of pair production for the different values of the impact parameter b. The results for the total P t and bound-free P b pair-production probabilities are compared with the corresponding values from Ref. [22] calculated in the monopole approximation.
In the two-center case, in contrast to the monopole one, it is also possible to separate the contribution of the quasimolecular ground state, P g . As one can see from the table, the difference between the results for P t is about 7% for b = 0 and steadily increases with increasing the value of the impact parameter reaching 70% for b = 40 fm. This can be explained by the fact that the monopole potential better approximates the two-center one at short internuclear distances. The difference between P b values is less than between P t ones and grows slower with increasing b. It means that, in the two-center case, the relative contribution of the free-free pairs (P f = P t − P b ) is larger than the corresponding monopoleapproximation contribution, and it increases with increasing the impact parameter. For b = 40 fm the two-center free-free probability is of the same order of magnitude as the bound-free one, in contrast with the monopole approximation. It leads to the conclusion that effects beyond the monopole approximation have significant influence on the free-free pair production, especially for the larger values of the impact parameter. However, the bound states are still the dominant channel. Moreover, as it follows from Table I , the major contribution comes from the pairs with an electron in the ground state.
TABLE I: Pair-production probability in the U−U collision at energy E = 740 MeV as a function of the impact parameter b. P t is the total probability, P b is the probability of bound-free pair production, and P g is the probability of pair production with an electron captured into the ground state of the quasimolecule.
Two-center potential Monopole approximation It should be noted there exists a little difference in P b values with our previous work [24] . This is due to a better accuracy achieved in the present calculations. We also would like to note that the value of P b = 1.32 obtained for b = 0 is close to the corresponding one, P b = 1.29, from Ref. [25] calculated using the multipole expansion of the two-center potential.
The results presented in Table I were calculated for the fixed projection m = 1/2 of the electron total angular momentum on the z axis and then were doubled to take into account the channel with m = −1/2. The contribution due to the rotation of the internuclear axis was neglected. In order to investigate the contributions of the higher projections m, we calculated the probabilities of pair production in the head-on collision for |m| = 3/2 and |m| = 5/2. Since there is no rotational coupling in the head-on collision, the states with different values of m were propagated independently. The results are presented in Table II . As one can see from the table, all the probabilities rapidly decrease with increasing of |m|.
TABLE II: Pair-production probability in the head-on U−U collision at energy E = 740 MeV as a function of the absolute value of the angular momentum projection |m|. P t is the total probability and P b is the probability of bound-free pair production. 
IV. CONCLUSION
In the present work, we further evolved our method for calculation of pair production in low-energy ion collisions beyond the monopole approximation proposed in Ref. [24] . Now this technique allows us to calculate the total pair-production probabilities, including the free-free ones, and the positron energy spectra in low-energy heavy-ion collisions.
Using the developed method we calculated pair production in collisions of bare uranium nuclei at energy near the Coulomb barrier. The obtained results were compared with the corresponding values from Ref. [22] calculated in the monopole approximation. It was found that the effects beyond the monopole approximation are significant for free-free pair production. However, the bound-free pairs dominate in the two-center case as well as in the monopole one. For the small values of the impact parameter the monopole results for the total pair-production probability are quite close to the two-center ones, but the the difference increases with increasing the impact parameter.
The positron energy spectra calculated with the full two-center potential are very similar to the monopole ones. They do not exhibit any features that can be associated with the spontaneous pair production. This observation supports the conclusion of Refs. [18, 19, 22] that no direct evidence of 
